Direct numerical simulation (DNS) of tandem wings in pitching and plunging motion is conducted. The POD-Galerkin projection for a fixed, high angle of attack flat plate is performed using two algorithms which differ in the method of pressure processing. It has shown the importance of pressure correction in terms of the reduced prediction error. POD on pitching and plunging wings has shown that most of energy (95%) is contained by the first six modes. However, the first two modes only account for 60% of energy in tandem wings, in contrast to 80% in the case of single wing. It also shows the effectiveness of POD method in a system of two-dimensional flapping tandem wings. 
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Introduction
Understanding the physics of the vortex dominant flow [1] [2] [3] can help the design of microair vehicles (MAVs), and reduce the dependence on a trial-and-error approach. The investigation on the tandem wings is motivated by the design of quad-wing MAVs that mimic dragonfly or damselfly flight due to their superior performance in maneuver and endurance [4] [5] [6] [7] . The effect of complex wake structures produced by the tandem wings has been studied experimentally [8] and numerically [9] [10] [11] [12] . These researches provide great insight into the flow physics such as wing-wake interaction, vortex formation and vortex shedding, and assist the development of more comprehensive aerodynamic models. However, these methodologies are very expensive and not suitable for the purposes of design and control [13, 14] . It is essential to have reduced-order models (ROM) which can describe unsteady physical features in acceptable accuracy and cost. The low order ODE models obtained from Galerkin projection for unsteady forces are ideal for control and design because they fit naturally into existing flight dynamics models. Among various ROM methods, proper orthogonal decomposition (POD) is most commonly used in fluid mechanics, e.g., the wake analysis of flow past single cylinder [15, 16] , two cylinders [17] and rod-airfoil [18] . In this paper, POD-Galerkin projection for a fixed, high angle of attack flat plate is first conducted using two algorithms which differ in pressure processing, through which the importance of pressure correction in POD has presented. Single and tandem wings in pitching and plunging motion are studied next. The first six modes capture approximately 95% of kinetic energy. It has shown the effectiveness of POD method in a system of two-dimensional flapping wings.
Direct Numerical Simulation
The non-dimensional incompressible Navier-Stokes equations, as written in Eq. (1) are discretized on a Cartesian mesh using second-order central difference scheme in space. A second-order accurate fractional-step method for time advancement is employed. Its key feature is that simulations with complex boundaries can be carried out on stationary non-body conformal Cartesian grids, eliminating the need for complicated re-meshing algorithms that are usually employed with conventional Lagrangian body-conformal methods. The boundary conditions on the immersed body are imposed through a -ghost-cell‖ procedure [19] . The pressure Poisson equation is solved using the geometric multi-grid method integrating with the immersedboundary methodology.
Proper Orthogonal Decomposition (POD)
Proper Orthogonal Decomposition is a method used to represent large data fields with a relatively small number of elements. POD creates a set of basis function which spans the original data set by capturing the characteristic components. The system can be represented by the first few dominant modes. American Institute of Aeronautics and Astronautics . It has been shown in previous work [16, 19] that an eigenvalue problem of a coefficient matrix can be constructed using snapshots of as 
Galerkin Projection
The basis function produced by POD is used to generate a predictive model via a Galerkin projection of the incompressible Navier-Stokes equations, Eq. (1). For the velocity field, the Galerking approximation is
Re
denotes the inner product of two vectors over domain , and
using integration by parts and the divergence free condition. With velocity and pressure conditions properly posed [13, 15] , Eq. (4) is approximately zero. This yields the following set of evolution equations for the mode amplitude α i (t)
where
Re Re 
In the second algorithm (A2), mean pressure is embedded, as expressed in Eq. (8). 

. The POD of fluctuating velocity measures the turbulent kinetic energy while the inner product of fluctuating pressure does not have the straight forward physical meaning. Thus, it is necessary to re-inspect the effectiveness of decomposition in realistic applications, especially for low Reynolds number flow. As will be used later, the prediction error is defined the same way in Graham et al. (1997) , in which it is given as a ratio of follows:
Results
A. Stationary wing at 30 angle of attack A 2-D stationary membrane airfoil in a flow field with free stream velocity U  =1 is shown in Figure 1 . The velocity on Г 1 , Г 3 and Г 4 is of Dirichlet boundary condition, and on Г 2 is of Neumann boundary condition. The pressure on all the four boundaries is of homogeneous Neumann boundary condition. Reynolds number is 200. The angle of attack of airfoil is 30. Snapshots (60 frames per period) are taken after the flow field has reached steady state, at which periodic vortex street in the wake is obtained.
The importance of pressure term (Eq. (4)) in POD is first investigated. The Galerkin projection for algorithms A1 and A2 (as mentioned before) are conducted and the prediction error is compared with result from the case of neglecting the pressure term. The prediction error is plotted against time in figure 2 for the three cases. It can be clearly seen that ignoring the pressure term can bring in salient prediction error over time, which can be substantially reduced by taking care of the pressure term in POD. A1 and A2 work almost equally well in suppressing the prediction error. The projection error [13] is also calculated after reconstructing the original snapshots using 32 modes. The projection error is not shown here, since the maximum error magnitude is at of 10 -5 . The eigenvalue spectrum from POD is shown in Figure 3 .To achieve an accuracy of 10 -6 , fourteen and thirteen modes are used in A1 and A2 respectively. Except the first mode, the normalized eigenvalues of A2 follow a very simliar trend as those of A1. Moreover, the eigenvalues from A2 go to zero faster than those from A1. Thus, less modes can be used to represent the original pressure fields. The first four modes contain nearly over 98% pressure American Institute of Aeronautics and Astronautics information in the flow field in both A1 and A2. Contours of pressure modes are illustrated in Figure. The mode pattern of mean pressure from A1 (Fig. 4a) is pretty close to the first mode from A2 (Fig. 4b) . The position of local extremum of mode 1 from A1 (Fig. 4c) are close to that of mode 2 from A2 (Fig. 4d) . Mode 2 of A1 (Fig. 4e) and mode 3 of A2 (Fig. 4f ) are analogical to their prior modes. 
B. Single flapping wing
In this section, DNS and POD are conducted on a single wing in pitching and plunging. The kinematics is described by
Reynolds number is 600. The vorticity in the wake is presented in figure 6 . t/T = 0.5 t/T = 1.0 Figure 6 Vorticity of a single wing in pitching and plunging POD is conducted over the whole flow domain, with 40 snapshots obtained at regular intervals over one period. The eigenvalue spectrum of a single pitching and plunging wing is shown in figure 7 , in which modes are paired by energy levels. American Institute of Aeronautics and Astronautics Compared to the flow over a stationary body [15] , the distinction in pitching and plunging motions is that the energy level of modes 5 and 6 is very close to that of 3 and 4, and all the four modes are paired together. Same trend happens to modes 7 to 10. Approximately 80% of kinetic energy is taken by the first two modes, and 95% by the first 6 modes.
The velocity contours for the first six modes are shown in figure 
C. Two tandem wings with different phase difference
The same kinematics is used for tandem wings as for the single wing in previous section. The phase angle δ is 0° for the fore wing, and -48° for the hind wing. More control parameters of the motion are listed in Table 1 . Chord ratio (c f /c h )
The ratio of the stream-wise distance between the central of two wings to the chord of wing is 2. The Reynolds number is 600, based on the free stream velocity and the chord length of hindwing. The fore wing leads the hind wing by 48° of phase difference. The parameters of motion and flow field are similar to those described in [21] . The vortex sheet in the wake is shown in figure 9 . American Institute of Aeronautics and Astronautics t/T = 0.5 t/T = 1.0 Fig 9 Vorticity of tandem wings in pitching and plunging
The eigenvalue spectrum of the tandem wing case is shown in figure 10 . As usual, the modes are paired by energy level. The distinction in tandem wings is that the energy levels of modes 1 and 2 only accounts for 60% of energy, which is lower compared to that in single wing case (figure 7). The energy levels of mode 3 to 6 are higher. The cumulative energy level of the first 6 modes in tandem wings is similar in the single wing, which is approximately 95%.
The velocity modes of tandem wings in pitching and plunging are shown in figure 11 . It is interesting to see in higher order modes (3 to 6) that some high energy components exist in the far field. This may indicate the increasingly importance of high order mode in the far field. 
